1. Introduction. Let K be a finite extension field of the rational number field Q, and let C K be the 2-class group of K (i.e., the Sylow 2-subgroup of the ideal class group of K) in the usual sense. Let K 1 be the Hilbert 2-class field of K (i.e., the maximal abelian unramified extension of K whose Galois group is a 2-group), and let K i be the Hilbert 2-class field of
. . is the Hilbert 2-class field tower of K. If K i = K i−1 for all i, then the Hilbert 2-class field tower is said to be infinite.
Next we define the 2-class rank and the 4-class rank of K. Let C i K = {a i : a ∈ C K }. We define the 2-class rank r K by (1) r K = rank C K = dim F 2 (C K /C 2 K ) where F 2 is the finite field with two elements, and we are viewing the elementary abelian 2-group C K /C 2 K as a vector space over F 2 . We define the 4-class rank s K by (2) s
Now suppose K is an imaginary quadratic extension of Q. It is known (cf. [1, p. 233] ) that the Hilbert 2-class field tower of K is infinite if r K ≥ 5. We shall prove some results for the cases where r K = 3 or 4. For nonnegative integers r and s, square-free positive integers m, and positive real numbers x, we define where |V | denotes the cardinality of a finite set V . We shall prove the following theorem in Section 2 of this paper. Theorem 1. For imaginary quadratic fields let δ * r,s be defined by (3) .
Remark. Thus a positive proportion of the imaginary quadratic fields with 2-class rank equal to 3 have infinite Hilbert 2-class field towers and 4-class rank equal to s for each value s = 1, 2, and 3. Similarly, a positive proportion of the imaginary quadratic fields with 2-class rank equal to 4 have infinite Hilbert 2-class field towers and 4-class rank equal to s for each value s = 0, 1, 2, 3, and 4.
Remark. An essential part of the proof of Theorem 1 depends on Corollary 3 in a paper of Hajir [6] . In fact, Theorem 1 can be viewed as a generalization of ideas introduced in [6] . We shall prove the following theorem in Section 3 of this paper. 
Proof of Theorem 1.
Let K be an imaginary quadratic field in which exactly t finite primes are ramified, where t is a positive integer. From genus theory we know that the 2-class rank r K equals t − 1. With t = r + 1, we see that the set V r;x in this paper is the same as the set A t;x in [4] . So from equation (2.5) in [4] ,
, where p 1 < . . . < p t are primes with p i ≡ 1 (mod 4) for 1 ≤ i ≤ t − 1 and p t ≡ 3 (mod 4). From equations (2.6) and (2.7) in [4] , the 4-class rank s K satisfies (6) s
where M K is a t×t matrix over F 2 whose entries a ij are defined by Legendre symbols as follows:
, and P j = −p 1 . . . p t /P j . From quadratic reciprocity and properties of Legendre symbols, the matrix M K is completely determined by the set of values
The proof of this formula depends on character sum estimates similar to those used in Section 4 of [3] and Section 5 of [5] . Alternatively, one can use the analytic machinery developed in [2] . Note that from (5) and with t = r + 1 in (8), we get
The fact that this limit is positive will be a key part of the proof of Theorem 1. However, first we need the following lemma, which follows from Corollary 3 in [6] . Remark. It is known that V * 3,3;x = V 3,3;x and V * 4,s;x = V 4,s;x for s = 3, 4 (see [6] and [7] ). One could use these facts to give an alternative proof that δ * For nonnegative integers r and positive real numbers x, we let
with odd primes p 1 < . . . < p r+2
and with a positive even number of p i ≡ 3 (mod 4)}.
If N x is the number of square-free positive integers m ≤ x with r + 2 prime factors, then
(see [8, Theorem 437] [4] . However, first we remark that the 2-class groups considered in Section 5 of [4] are the narrow 2-class groups. For the field K that we are considering, the narrow 2-class rank is t − 1 rather than t − 2, but the narrow 4-class rank and the usual 4-class rank are the same. Hence from equations (5.5) and (5.6) in [4] , the 4-class rank s K satisfies (14) s
where M K is the t × t matrix over F 2 whose entries a ij satisfy 
